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Abstract

The atom-bond sum-connectivity (ABS) index is a refined topological descriptor derived from
several well-known chemical graph indices, including the sum-connectivity index (SCT), the
atom-bond connectivity index (ABC') and the Randi¢ index (R). In recent years, exploring the
interplay between topological indices and graph parameters has become a prominent area of
research. This paper establishes a new lower bound for the ABS index of trees in terms of their
total domination number. Extremal trees that achieve this bound are characterized, providing
insight into structural configurations that optimize the index under domination constraints. To
evaluate the practical applicability of the theoretical results, a set of carboxylic acid molecules is
examined using linear regression models. The predictive power of the AB.S index in capturing
key physicochemical properties is assessed and compared against its variants—ABC, SCI and
R indices. The analysis reveals strong correlations between these indices and molecular prop-
erties, underscoring their effectiveness in chemical informatics. Overall, this work integrates
graph theory and molecular chemistry, demonstrating the value of topological indices in under-
standing and modeling chemical behavior.
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1 Introduction

For a connected, simple graph G = (V(G), E(G)), let a1 s represent an edge connecting the
vertices a1 and a, where a1, s € V(G). Define N(a) = {5 € V| a8 € E} as the set of neighbors
of any a € V, whose cardinality is the degree of «, represented as d,, in G. A tree .7 is a connected
graph without cycles. A pendant vertex «in .7 issuch thatd, = 1. Let 7 —{az, ..., ay } refer to the
tree obtained by removing the vertices a4, ..., o) from 7. The symbols S, and P,, respectively,
represent the star and the path on p vertices. The diameter d represents the greatest distance
between any pair of pendant vertices in a tree. Refer to [25] for definitions of other notations and
terminologies not covered here.

Graph theory has offered chemists numerous valuable tools, with topological indices being
particularly significant. These indices serve as quantitative descriptors of molecules, based on the
unique topological properties of their molecular graphs. Ali et al. [3] introduced the atom-bond
sum-connectivity index of a graph as a novel variation of several well-known chemical topological
indices, including the atom-bond connectivity index [10], the sum-connectivity index [11] and the
Randi¢ index [20]. These indices are defined in Table 1.

Table 1: List of topological indices used in the study.

Atom-bond sum-connectivity index ABS(G) = Z %
aBEE(G) ot g
Atom-bond connectivity index ABC(G) = Z %
aBEE(G) a-Op
Sum-connectivity index SCI(G) = Z 1
apeB(G) V da T
Randi¢ index R(G) = Z #
aBEE(G) da-dg

A dominating set (DS) Z C V(G) is a subset where each vertex in V(G) \ Z has at least one
neighbor in 2. The domination number, 7(G) is the smallest possible size of such a set. If the
set 9 satisfies N(2) = V(G), then Z is a total dominating set (TDS). The minimum size of a
TDS is called the total domination number, v;(G) [9]. Extensive research has been carried out on
domination across various graph classes [12], with numerous variants thoroughly investigated
in the literature [1]. Refer to the survey [14] for additional information on topics pertaining to
domination.

The relationship between various domination parameters and topological indices in graphs
has long attracted research interest and remains an active area of study [16]. Indices such as the
Randi¢ [7], Zagreb [8], geometric-arithmetic [5] and Sombor [22] indices have been investigated
in relation to the domination number. Likewise, recent studies have investigated the minimum
Randi¢ index [2], maximum Randi¢ index [13], geometric-arithmetic index [6], Sombor index [23]
and their relationships with the total domination number. Zhang et al. [28] explored extremal
problems on ABS indices for trees with given matching or domination numbers. Building on
previous studies, this article establishes a new lower bound for the AB.S index of trees in terms of
their total domination number. Extremal trees that attain this bound are characterized, offering
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insights into the structural properties of graphs that optimize topological indices with respect to
domination parameters.

To validate the effectiveness of the derived bound, a set of 17 carboxylic acid structures is an-
alyzed using a linear regression model. Furthermore, a comparative study is conducted on varia-
tions of the ABS index-namely, the ABC, SCI and R indices-to examine their correlations with
selected physicochemical properties of these acids. This analysis aims to highlight the utility of
these indices in capturing molecular behavior and properties. The integration of graph-theoretical
concepts with chemical informatics emphasizes the practical applicability of topological tools in
advancing chemical research.

2 Preliminary Concepts

Let 7, -, denote the set of p-vertex trees with total domination number ~;. Denote

Cl(ayﬁ): %/86_2

Lemma 2.1. [3] For a p-vertex tree 7 with p > 3, it holds that,

. The following results can be readily observed.

p—3) 2

(p=Dvp=2 _ ABS(S,) > ABS(Z) > ABS(P,) = ( NG e

N/

z—c zZ—Cp . .
L 2.2. [28] Let h = - thz > co > cy >0, then, h
emma [28] Let hq(2) \/z—cl+2 \/z—@+2m zZ > > > en, hi(z) is
positive and decreasing in co < z < oo.

Lemma 2.3. [28] Let hao(z) = (2 — 01)1/% —(z— 02)1/% withz > cg > ¢1 > 0,

then, ho(z) is positive and increasing in co < z < 0.

A family of trees ¢ is constructed as follows [6]: The path of order 4k is included in 4 for k > 1.
If 7 € 4 and there are two vertices oy, as € V(7)) such that N(ay) = {61, a2}, N(ag) = {aq,02},
dp, = dg, = 2 and a1, ap are in a minimum TDS in .7, then two paths Py, 1 and Py, with
411 + 1 and 45 + 1 vertices, respectively, are considered. The tree .7/, constructed as,

V(y,) = V(y) U V(P4l1+1) U V(P4l2+1)7
and
E(7') = E(7)U E(Py,+1) U E(Py,11) U {aim, azna},

isin &, where 7, and 7, are pendant vertices in Py, 11 and Py, 11, respectively (see Figure 1, with
dark vertices denoting the members of a minimum TDS).
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Figure 1: A sample tree from the family ¢.

Define %, ., as the set of all 7 € ¢ having p vertices and total domination number ;. Denote,

1+\/§+2\/§_ 5 2%4_1 3
V6 VB 2V2 '

+ _ —
V2 V3 V2
Lemma 2.4. ABS(7) = {y(7)~,(7) foreach T € 9, ,,.

Epove = (p—2v) <

Proof. Let I, represent the number of vertices that have a degree of q. For 7 € %, .,

p=1l1+1+13,
2(p—1) =1y + 2l + 33,
-3l
v =lg+ 2 7 2,
Hence, l; = p—2v:+2,ly = 4y:—p—2and I3 = p—2~,. Applying these equations to the definitions
of 4, ., and the ABS index,

ABS(7) = 11(1(2,1) + 213¢1(3,2) + %3(1(373) + (p —-1-10 - ;l:s) €1(2,2)
=(p—27+2) <\}§> +2(p — 27) < 2) + (p _22%) ( g)
+ <;p+7% 3) ( i)

_ V241 23 5 2y, 2 3

= &p(7) (7))
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3 Lower Bound for the ABS Index on .7, ,,

(a—1)va—2 1+v2 2V3 5 1 2
Lemma 3.1. Let = —4 + — — — — —. Then,
9(@) J/a @D\ "VF 2E) V& VB
g(a) > 0 whenever a > 5.
Proof.
’(a)*w—07670>0 Va>5
VS e
4v/3 1+v2 23 5 1 2
Thus, > g(5) = - + - — — — —— =0.4696 > 0. O
10290 =5 < V6 Vs 2\@) V2 V3

Theorem 3.1 presents £,(7) -,(7) as a lower bound for ABS(.7) on .7, ,, and identifies the
extremal trees.

Theorem 3.1. For 7 € .9, ,,, it holds that ABS(T) > &,(7) ,(7), With equality arising if and only if
T €Yy,

2
Proof. Whenp =3, ABS(P;) = % > €39,

3 1 2
Ifp=4, ABS(Ss) = —= > €42, ABS(Py) = —(= + —= = {4.2.
p ( 4) \/§ 5472 ( 4) \/§ 3 5472
Atree 7 in .9, ,,; p > 5 is examined, presuming that all trees of order p — 1 meet the inequality.

For a diameter o, g, ..., q41 of 7, T = S, whenever d = 2 and ABS(S,) — &p,2 > 0, the result
holds (by Lemma 3.1). Assume d > 3. Denote,

day, = J, N(ag) ={a1,a3,w1,...,wj_s},

doy =k, N(a3) = {ag, a4, b1, ..., Be—2},

do, =1, N(ay) ={as,a5,m1,...,M—2},

doy = ¢, N(as5) ={ou,a6,61,...,04_2}, and
dog =T, N(ag) = {as,ar7,21,. .., 2r—2}.

Then, the following claims are validated, leading to an analysis of various cases. Lemmas 2.2 and
2.3 are employed for simplifications.

Claim1: Let, do, = dy,, = --- =d

. =land d,, > 2. If j > 3, then, ABS(.7) > &, (see
Figure 2).

Wj—2
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Proof. Let, 71 = 7 — {a1}. Then,

ABS(7)=ABS(7) - (1 —2)0( - L1+ (G — DG 1) + G(day, J) = G(dag,d — 1)

J Jj—1 J—2
o[t (- 5)
n Jtday =2  [j+da; =3
]+da3 +do¢3_
1+v2 2V3 5 2 2 1 3
>5”"“< V6 +\/52\/§>+\/;+<\/;\/;>+<\/; i

= &y +0.1373 > &, .

[N}
N———

Figure 2: Sample trees for Claims 1, 2, 3 and 4, respectively.

Claim 2: Let, do, = 1,da, = 2,dg,, <2, m € {1,2,...,k — 2}. If there is a minimum TDS &
satisfying |2 N N(as)| > 2, then, ABS(.7) > &, -, (see Figure 2).

Proof. While d,,, = 2, take 75 = .7 — {a1}. Then,

ABS(7) = ABS(%) — Gi(k, 1) + Gi(k,2) + C1(2,1)

>§ +\/k \/k_1+1
= Spmlme—l k+2 E+1

>£m+1+¢g\/§+2\/§ 2\5f Vo \[ \[ \[

= &y +0.0599 > &

While d,, > 3, take 75 = .7 — {a1,a2}. Then,

ABS(?) = ABS(%) - Cl(dﬁk 27k - 1) + C1(d[3k,2;k) + Cl(k72) + 41(2, 1)

+ Z G(ds,,, k) — Gi(ds,,, k —1)]

>&p2y—1+C(3,2) +C(2,1) + G1(3,2) — ¢1(2,2)

>6n = 5t \[\[\[\[

=&py, +0.0052 > & 4,
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Claim 3: Supposethat,do, =1,da, =2,da, > 4. Ifdg, =--- =dg, , =1,then, ABS(T) > &, -,
(see Figure 2).

Proof. Let, 74 = .7 — {Br—2}. Then,
ABS(7)=ABS(74) — Gi(k—1,2) — (k= 3)Ci(k — 1,1) — Gi(day, k — 1)

+<1(ka2)+( _Q)Cl(k 1)+< (da4a )
>Ep-1y T C1(4,2) - Cl (3,2) +¢i(4,1) +¢1(4,1) = ¢1(3,1)

:5”*”‘<1+ff e )f\[ 2f2-y3

=&py, +0.1169 > & 4,

O

Claim 4: Suppose that, do, = 1, do, = 2, do, = 3, do, < 3 withdg, = 1. Then, ABS(.7) > &, -,
(see Figure 2).

Proof. Consider 75 = .7 — {1} and as in Claim 3,

ABS(7) = ABS(75) — (1(2,2) + (1(3,2) + (1(3,1) + (1(day, 3) — C1(day,2)
> &p1y —C1(2,2) +Ci(3,2) + C1(3,3) — ¢1(3,2) + (1(3, 1)

:gp’%_<1+ff+f 2f> ViV s-Vinyi

- Sp,yt + 00495 > 51’,%'

Figure 3: Sample trees for Claims 5, 6 and 7, respectively.

Claim 5: Suppose that, d, =1, do, = 2, doy = 3, do, > 4 withdg, = 1. If IN(aa) N D| > 2, then,
ABS(7) > &p 5, (see Figure 3).

Proof. Let, 75 = 7 — {ou, a2, as, f1}. Then,
ABS(7) = ABS(%) — 1( asy L= 1) + Ci(das, 1) + G (1,3) + G1(3,2) + Ci(3,1)
-

+ C1(2a 1) [Cl (dnn ’ ) Cl( Nm 7 - 1)]

m=1

>&pay—2+CG(4,3) +G(3,2)+G(3,1) +Gi(2,1)

R A AR ERE

= &y +0.0758 > &y
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Claim 6: Suppose that, do, = 1, da, = da, = 2, do, > 3. If [N(ow) N 2| > 2 with d,,, < 4,
m € {1,...,1 -2}, then, ABS(.7) > &, , (see Figure 3).

Proof. Let 77 =  — {1, a2, a3}. Then,
ABS(7) = ABS(77) — Gi(dag, 1 — 1) + Gi(dag, 1) + G1(1,2) + Gi(2,2) + G (2, 1)
1-2
+ > [Gi(dy,,, 1) = Gi(dy,,, 1= 1)]
m=1
> &p-sy—2+CG(4,3) — G(4,2) + 2)+G(2,2) +Gi(2,1)

Q3
:g’”’”+14\r/6ﬂ+2\/\g_252 \if \[ \[ \[ \[ \[

= &y +0.0263 > £,

O

Claim 7: Suppose that, do, =1, da, = doy = da, = 2,da; > 4withdg,, <4, me{l,...,q—2},
then ABS(7) > &, 4, (see Figure 3).

Proof. Assume ay ¢ 9. Let 5 = 7 — {a1, 2, as,a4}. Then,
ABS(g) = ABS(%) - Cl(daarq - 1) + Cl(dam(I) + Cl(Qa2) + 2(1(272) + <1(21 1)

- Z [C1(do,,. q) — Ci(de,,,q — 1)]

> &pamy—2+C(4,2) +201(2,2) + ¢1(2,1) +2[¢1(4,4) — €1 (4, 3)]

DRI 00

- fp;yt + 0.0214 > gp,%'

O

Claim 8: Suppose that do, = 1, do, = doy = day, = 2, doy, = 3, satisfying as € 2. Then,
ABS(T) > &, 4, (see Figure 4).

Proof. For dp, < 3 and do, > 2,let Jy = 7 — {a1, a2, a3, a4}. Then, as in Claim 7,
ABS(T) = ABS(%) — (1(dag, 2) + (1(dag, 3) + (1(3,2) + 2¢1(2,2) + (1(2,1)
+ C1(ds,,3) — C1(de,,2)
> &pay—2+C1(3,2) = C1(2,2) + (1(3,2) +2¢1(2,2) + C1(2,1) + (3, 3)
-Gi(3,2)

gPKYt - \/’ \/> \/> + 2\/> \/> fp,’Yt +0.0471 > fp Yt

O

Figure 4: Sample trees for Claims 8, 9 and 10, respectively.
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Claim 9: Suppose that byb; 60, a5 be a path attached to a5 such thatdy, =1, dp, = dp, =2,da, =3
withdy,, = 1,da, = day = doy, = 2, deg > 2. Ifd,, < 3,m € {1,---,r — 2}, then,
ABS(T) > &p.,, (see Figure 4).

PTOOf. Assume Qy, Q5 ¢ 9. Let %0 =9 - {041,042,(13,044,()45,(91,()1,[)2}. Then,

ABS(T) = ABS(Z10) + 2¢1(2,1) — ¢ (devys 7 — 1) + 1 (day, 7) + G (7, 3) + 2¢1(3,2)

r—2
+3C1(272) + Z [Cl(dzm7 ) Cl( Zmo T 1)]

m=1

> Epgy—a+C1(3,2) +2¢1(3,2) +3¢1(2,2) +2¢1(2,1) + ¢1(3,2) — ¢i(3,1)
—gM—\[+4\[+2\[+2\f
— &y, +0.0104 > &, .

O

Claim 10: Suppose that, b3bb1 0, o5 be a path attached to a5 such thatdy, =1, dp, = dp, = dp, =2,
do; = 3withdy, =1,dy, = dy, = da, =2. Then, ABS(.T) > &, ., (see Figure 4).

PTOOf. Let oy ¢ D,a6 € 9. Take 741 = 9 — {0&1,04270437044,91,b1,b2,b3}.

ABS(7) = ABS(?H) = G(r, 1)+ Cu(r, 3) + 2G1(3,2) + 4G1(2,2) + 2G1(2,1)
> &g e — (21 +G(3,2) +2G(3,2) +4G1(2,2) +2G(2,1)

o STl

= &y +0.0727 > &,

Let da7 =S, N(a7) = {0467 ag, Yty - .- 7yS,Q} and dag = i, N(Oég) = {Oé7, a9, T1,... ,SL'Z‘,Q}. As
ABS(P5) > &3, ABS(Ps) > &4 and ABS(Pr) > &7,4, it follows from Claims 1—10 thatd > 7,
oy = doy = doy = dog = 2, a2, 03,06 € P and ay, a5 ¢ 2. Furthermore, one can assume that
every vertex z € N(ag) \ {as, a7} satisfies d, < 2.

Case A: Choose d,, = 2.
Take %2 =9 — {041, o, (3, Oé4}. Then,

ABS(7) = ABS(Fhs) + 1(2,2) + 3¢1(2,2) + C1(2,1) — (1(2,1)
> Epdy,— 2+4C1 (2,2)

=& — + 4\/7 Epes

the equality being observed whenever 915 € J},_4 ,—2 which implies 7 € ¥, ,,.

Case B: Suppose dq, = 3.
Case B.1: Taked,, = 1.
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Case B.1.1: Assume d,, < 3.
Take %3 =9 — {041, a9, 3,0y, a5}. Then,

ABS(?) = ABS(*%?)) - Cl(da7a2) + Cl(doqag) - C1(27 1) + Cl(ga 1) + C1(372)
+3¢1(2,2) + C1(2,1)
> €y 52+ C1(3,3) +C1(3,2) +361(2,2) + G1(3,1) — €1(3,2)

_5’””_<Hff+f QW)H\[ e v

= &pye +0.0495 > &p o,

Case B.1.2: Consider d,,, > 4.
Case B.1.2.1: Let |N(O&7) N .@| > 2. Take %4 =9 - {011,042, a3, 0y, a5, Og, 21}. Then,

ABS(7) = ABS(Z14) — Ci(dag: s — 1) + (1(dag, 8) + C1(s,3) + G1(3,2)
( 1) +3G(2,2) +Gi(2,1)

[Cl( Ym ) ) Cl( Ym s S _1)]

> £p77m73 +¢1(4,3) +¢1(3,2) + ¢1(3,1) +3¢1(2,2) + ¢1(2,1)

B AR
VERSYEINE

= &y +0.0159 > &, .

Case B.1.2.2: Let N(a7) N Z = {as}.

Case B.1.2.2.a: Ifd,, > 2, by the claims proved above, there is a pendant path a7y a1 a2a3a4
attached to a7 such that dy, = do, = do, = do, = 2,do, = 1. Since d,,, > 4,
one can obtain ABS(.7") > &, ,, by considering the above cases.

Case B.1.2.2.b: Ford,,, =1, me {1,2,...,s — 2}, take Ji5 = . — {y1}. Then,

ABS(7) = ABS(Z15) — Ci(dag, s — 1) + Ci(dag, 8) — Gi(s — 1,3) + Ci(s, 1)
—|—<1(873)+( )[C1(5, 1) Cl(s_l 1)]
> &p1y T C1(4,3) = G(3,3) + G4,

zf”’”‘_<1+ff+f 2f> \[ Vi

=&py, +0.0362 > & 4,

Case B.2: Assume d,, = 2.
From the claims proved above, there is a pendant path a2 ¢1c2c3c4 attached to ag
withd., =d., =d., =2,d., = 1.

Case B.2.1: Suppose d,, = 2.

30



M. Manuel and A. Parthiban Malaysian ]. Math. Sci. 20(1): 21-42(2026) 21 - 42

Take %6 =97 — {oq, o, (3, 0y, Ck5}. Then

ABS(Q) :ABS(‘%G) _Cl(da7a2) +C1(d0t773) _41(272) +C1(3a2) +C1(372)
+3G1(2,2) + G1(2,1)
> Ep—5,7—2 T 301(3,2) + (1(2,2) + G1(2,1)

(2 ) T B

=&pry +0.0128 > &p o,

Case B.2.2: Choose d,, > 3.
Case B.2.2.1: Let |[N(a7)N 2| > 2.

By considering the above claims and cases, letd,,, <3, m € {1,2,...,s — 2}
and do, > 2.

Take %7 =7 - {CkhO[Q,a3,Ck470[5,046721,01,02,03,04}. Then/

ABS(Q) = ABS('%7) - <l(das7s - 1) + Cl(dasﬂ 8) + 41(373) + 2(1(372)
+6¢1(2,2) +2¢1(2,1)

5—2
+ Z ym7 Cl( Ym S _1)}

=1
Z §p—11,%—5 - Cl (37 2) + Cl (37 3) + Cl (35 3) + 241 (37 2) + 6<1 (25 2)
+2G(2,1) +G1(3,2) — Gi(2,2)

B 1+v2 2V3 5 10 4 3
‘5”“‘< NG +\/5_2\/§>_ﬁ+2\/;+2\/;
5 2an i

- §p7’yt + 0.0343 > gpﬁt'

Case B.2.2.2: Let N(ar) N2 = {as}.
From the claims, suppose d,,,, <2, m € {1,2,...,s —2}.
Case B.2.2.2.a: Fixd,, =
Case B.2.2.2.a.1: While d,, > 4, take Z15 = 7 — {y1}. Then,

ABS(y):ABS(%8)+Cl(da8a ) Cl( agv 1)_41(8_173)—’_(1(373)

s—2
+Ci(s, 1) +ZC1 Y S) = C1(dy,,,s — 1)]
> Ep—1,7 +C1(4 1)+C1(4 3)— (3,3

e R

=&py, +0.0362 > fpm.

Case B.2.2.2.a.2: Letd,, = 3.
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Case B.2.2.2.a.2.1: While d,,, < 3, take J19 = 7 — {y1, 21, 1, C2, C3, ca}. Then,
ABS(y) = ABS(%Q) - Cl( agy )+C1( asg ) - 41(2 2) +C1(3 2)
= C1(2,2) +¢1(3,3) + (3, 1) + ¢1(3,2) +3¢1(2,2) + 1(2, 1)
> &p— 6%—24-2(1(3 3)+C1(3 2) +C1(2,2) + ¢ (3,1) + G1(2, 1)

+\/E+\/z+\/§

— &y +0.0367 > &y

Case B.2.2.2.a.2.2: Letd,, > 4.
Case B.2.2.2.a.2.2.1: If |[N(as) N 2| > 2, take F5y and Fo; as sub-trees of 7 — azag containing
a7 and ag, respectively, then

ABS(7) = ABS(720) + ABS(721) —C1(3 2) +Gi(3,3) = Gi(2,1)
+<1(351)+<1(i73)_<1( gy )+C1( ags? )
+ > [y 8) = Gi(day i — 1)

m=1

> € + % - % SO -GG+ G3) GG
+Cl(353)

SR S T NN
It RN ) 7 4 6 3 5
=&y, +0.0502 > &, 4,.
Case B.2.2.2.a.2.2.2: Let N(ag) N Z = {a7}. Any path from ag to a pendant vertex through

gy, m € {1,2,...,i—2} haslength 4. From the claims, ABS(7) > &, -,
can be obtained.

Case B.2.2.2.b: Suppose thatd,,, =2,m € {1,2,...,5—2}. Any path from a7 to a pendant
vertex through a7y, m € {1,2,...,s — 2} has length 5. From the above
cases and d,, > 3 implies d,,, = 3.
Hence, there is a pendant path ary;aia2asa4 attached to o7 on 6 vertices
such that d,, = do, = dq, =dy, =2and d,, = 1.
Case B.2.2.2.b.1: Suppose do, = 2.
Take %2 =9 — {Zl, C1,C2,C3,C4,Y1,071, 02,03, a4}. Then,
ABS(7) = ABS(J52) — (1(2,2) + ¢1(3,3) — 2¢1(2,2) + 2¢1(3,2)
+6¢1(2,2) +2¢1(3,3) +2¢1(2,1)
> Ep_10,4—-4 +€1(3,3) +4¢1(3,2) +3¢1(2,2) +2¢1(2,1)

=&pove — 2<1+gf+2¢\g_25ﬂ) \/>+4\/>
+3\f+2\[

- 5177%’

with the equality is intact when 955 € J,_1¢,,—4 implies T € ¥, ,,.
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Case B.2.2.2.b.2: Consider d,, > 3.
Case B.2.2.2.b.2.1: If d,;,,, < 3; m € {1,...,i— 2} and |N(ag) N 9| > 2, take Fo3 and F>4 as
sub-trees of .7 — ayag containing a; and ag, respectively, then,
ABS(T) = ABS(%3) + ABS(J24) — Cl(2 2) = Gi(3,2) + 1(3,3)
+<1(372)+C1(173)_<1( ag; )+C1( agv )

i—2
+ Z [Cl(dxm7i) - Cl(dxrrmi - 1)]

> ABS(J53) + ABS(J24) + (1(3,3) + (1(3,2) — (1(2,2)
+¢1(3,3) = C1(3,2) + ¢1(3,3) — ¢i(3,2)

=10¢1(2,2) 4 3¢1(3,2) + 3¢1(2,1) + ABS(Jas) + 3¢1(3,3)
—(1(2,2) = (1(3,2)

> €y 178+ 2¢1(3,2) +3¢1(2,1) +9¢1(2,2) + 3¢1(3,3)

. (1%ﬁ+2\£2\5ﬁ> 10 +2\[+3\[
RERENE

= &y +0.0139 > &,

Case B.2.2.2.b.2.2: Let N(ag) N2 = {ar}.
Any path from ag to a pendant vertex through agz,,, m € {1,2,...,i—2}
has length 4. From the claims, ABS(.7) > &, ., can be obtained.

Case C: Letd,, > 4.
Whiled, <2,me{l,...,r—2}, take Jo5 = T — {a1, a9, a3, oy, a5}

ABS(‘?) = ABS(%E')) - Cl(damr - 1) + Cl(damr) + Cl(rv 2) + 3C1(272) + <1(2v 1)

r—2
+ Z (G1(ds,,. 7) = Ci(de,,, 7 — 1)]

> & 5%—2-&-@(4 2) +3¢1(2,2) + ¢1(2,1) +2[¢1(4,2) — ¢1(3,2)]

() T

= &y +0.0035 > &y

4 Applications to the QSPR Studies of Carboxylic Acids

Carboxylic acids are a class of organic compounds characterized by the presence of a carboxyl
functional group (—COOH), which significantly influences their chemical behavior and physical
properties. A set of 17 carboxylic acids was selected to examine the significance of the derived
lower bound through structural and quantitative analysis. The chemical graphs corresponding
to these compounds were generated from their molecular structures (see Figure 5), where atoms
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are represented as vertices and bonds as edges. In this graph-theoretical representation, distinc-
tions between single and double bonds were omitted and hydrogen atoms were excluded from
the vertex set [24]. The chemical structure diagrams were sourced from the PubChem database
[19].

'l ' I S

Propionic acid Butyric acid Valeric acid Caproic acid Heptanoic acid

N e e e o

Octanoic acid Nonanoic acid Capric acid Undecanoic acid  Isobutyric acid
Isovaleric acid Pivalic acid 3-Methylvaleric acid  Isocaproicacid  2-Ethylbutyric acid

A

Valproic acid ~ 2-Ethylhexanoic acid

Figure 5: Chemical structures of the selected carboxylic acids.

Quantitative Structure-Property Relationship (QSPR) analysis is a powerful computational
method that establishes correlations between molecular structure and experimentally measured
physicochemical properties using mathematical descriptors. This approach facilitates the inter-
pretation and prediction of chemical properties across structurally diverse compounds. In this
study, QSPR analysis was applied to evaluate the selected carboxylic acids with respect to various
physicochemical properties, including boiling point (BP), logarithm of the partition coefficient
(log P) between octanol and water, density (p), measure of cytotoxicity (log(1/IGCsg)) (based on
the 50% inhibitory growth concentration), molecular weight (MW), polarizability («), enthalpy
of vaporization (EV), flash point (FP), index of refraction (RI) and molar volume (MV). The ex-
perimental values for these properties were obtained from PubChem [19], ChemSpider [21] and
other literature sources [18], as summarized in Table 2.
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Table 2: Physicochemical properties of the selected carboxylic acids.

Malaysian ]. Math. Sci. 20(1): 21-42(2026) 21 - 42

Name BP logP  p  log(1/IGCs) MW a EV FP RI MV
(°C) (g/cm®) (g/mol) (A%) (K/mol) (°C) (em?/mol)
Propionic acid 1411 033 099 -0.5123 7408 69 401 517 1397 727
Butyric acid 163.7 079 096 -0.572 8811 88 424 767 1411 89.2
Valeric acid 1854 139 094 -0.2674 10213 106 446 89 1421 1057
Caproic acid 2058 192 093 -0.2083 11616 125 466 1044 1428 1222
Heptanoic acid 2222 242 090 -0.1126 13018 143 485 992 1433 1387
Octanoic acid 2390 3.05 091 0.0807 14421 161 503 1074 1437 1552
Nonanoic acid 2545 342 090 0.3509 15824 180 520  100.0 1441 1717
Capric acid 268.7 409  0.89 05063 17226 198 536  121.8 1443 1882
Undecanoic acid 2279 442 089 0.8983 18629 216 552 1282 1446 2047
Isobutyric acid 1544 094 095 -0.3334 8811 88 432 556 1408 896
Isovaleric acid 1765 116 093 -0.3415 10213 106 454 706 1418  106.1
Pivalic acid 1638 148 091 -0.2543 10213 106 444 683 1420 1057
3-Methylvalericacid 1960 1.66  0.93 -0.2331 11616 124 480 850 1425 1226
Isocaproic acid 199.0 166 092 0.2724 11616 124 482 972 1425 1226
2-Ethylbutyricacid ~ 99.0 1.68 092 -0.1523 11616 124 476 878 1425 1226
Valproic acid 2200 275 091 0.0258 14421 161 503 1111 1435 1556
2-Ethylhexanoic acid 228.0 2.64  0.90 0.0756 14421 161 512 1166 1435 1556

4.1 Linear regression models using ¢, .,

The QSPR analysis for the selected carboxylic acids was conducted using the &, -, values, de-
rived from their molecular graphs. A linear regression model was employed at a 95% confidence
level, where statistical significance is established only if the associated p-values (probability) are
less than 0.05. The analysis is based on the linear regression equation Y = Cy+C1 (&, 4, ), where Y
denotes the target physicochemical property, Cj is the regression intercept and C represents the
regression coefficient associated with ¢, ,,. The computed values of £, ., for the 17 carboxylic
acids, along with their total domination numbers extracted from the corresponding chemical
graphs, are presented in Table 3.
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Table 3: Computed &, -, values of the carboxylic acids.

SINo. Name Chem. formula p v &,
1 Propionic acid C3HgO; 5 2 26288
2 Butyric acid C4HgO, 6 3 32760
3 Valeric acid CsH;00, 7 4 3.9233
4 Caproic acid CeH12,0, 8 4 4.6903
5 Heptanoic acid CyH140, 9 4 54573
6 Octanoic acid CsH160, 10 5 6.1045
7 Nonanoic acid CyoH150, 11 6 6.7517
8 Capric acid C10Hy00, 12 6 7.,5187
9 Undecanoic acid C11H O, 13 6 8.2857
10 Isobutyric acid C4HgO, 6 2 3.3958
11 Isovaleric acid CsH190, 7 3 4.0430
12 Pivalic acid CsH;1900, 7 2 41628
13 3-Methylvaleric acid CeH12,0, 8 4 4.6903
14 Isocaproic acid CeH1,0, 8 4 4.6903
15 2-Ethylbutyric acid C¢H1,0, 8 4 4.6903
16 Valproic acid CgH;160, 10 6 5.9847
17 2-Ethylhexanoic acid CsH160, 10 5 6.1045

The results of the regression analysis are summarized in Table 4, where r denotes the corre-
lation coefficient, R? s the coefficient of determination, SE represents the standard error of the
estimate and pp is the p—value (probability) associated with the Fisher’s F'—statistic used to as-
sess the overall significance of the model.

Table 4: Linear regression analysis of the physicochemical properties of the selected carboxylic acids.

r R? SE  F—statistic Pr Co ol
BP 0.7808 0.6096 28.2590 23.4211 2.16E-04 84.0710 22.1741
log P 0.9937 09874 0.1339 1177.1173 1.14E-15 -1.6790 0.7447
p 0.8792 0.7730 0.0131 51.0770 3.35E-06 0.9994 -0.0152
log(1/IGCsp) 0.9634 0.9281 0.1040 193.6490 5.57E-10 -1.2706 0.2347
MW 0.9991 09982 1.3617 8285.8780 5.42E-22 21.4479 20.0968
« 0.9991 09981 0.1808 8058.8872 6.68E-22 0.0370 2.6317
EV 0.9824 0.9651 0.7922 414.2391 2.45E-12 34.4550 2.6142
FP 0.8999 0.8098 10.0586 63.8607 8.73E-07 26.1463 13.0329
RI 0.9568 0.9154 0.0040 162.2671  1.90E-09 1.3849 0.0082
MV 0.9990 09981 1.6487 7807.6706 8.46E-22 11.0533 23.6209
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Accordingly, the linear regression models corresponding to each physicochemical property are
listed below (refer (1)),

BP = 84.0710 + 22.1741(¢,.,),
log P = —1.6790 + 0.7447(&, +,),
p = 0.9994 — 0.0152(&,.4, ),
log(1/IGCs0) = —1.2706 + 0.2347(,, -, ),
MW = 21.4479 + 20.0968(&p,+, ), (1)
o = 0.0370 + 2.6317(,.4,),
EV = 34.4550 + 2.6142(¢, ),
FP = 26.1463 + 13.0329(¢,. -, ),
RI = 1.3849 + 0.0082(¢, -, ),
MV = 11.0533 + 23.6209(¢, -, ),

while the associated linear regression curve plots are displayed in Figure 6.
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Figure 6: Linear regression plots for the physicochemical properties of selected carboxylic acids, (a)—(d).
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Figure 6: (Continued) Linear regression plots for the physicochemical properties of selected carboxylic acids, (e)-(j).

4.2 Comparison of ABS with its variations

As mentioned in the introduction, the ABS index is a deviation of the ABC, SCI and R in-
dices. Therefore, it is of interest to compare the performance of these indices in analyzing the
physicochemical properties of the selected compounds. The computation of the topological in-
dices was performed using the edge partition technique and the degree counting method, based
on their respective definitions. The resulting values are summarized in Table 5.
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Table 5: Computed values of selected topological indices for carboxylic acids.

SINo. Name ABS ABC SCI R
1 Propionic acid 2.7662 3.0472 2.0246 22701
2 Butyric acid 3.4733 3.7543 2.5246 2.7701
3 Valeric acid 41804 4.4614 3.0246 3.2701
4 Caproic acid 4.8875 5.1685 3.5246 3.7701
5 Heptanoic acid 55946 5.8756 4.0246 4.2701
6 Octanoic acid 6.3017 6.5827 4.5246 4.7701
7 Nonanoic acid 7.0088 7.2898 5.0246 5.2701
8 Capric acid 7.7159 79969 5.5246 5.7701
9 Undecanoic acid 8.4230 8.7041 6.0246 6.2701
10 Isobutyric acid 3.6449 3.9327 24082 2.6427
11  Isovaleric acid 43776 4.6812 2.8944 3.1259
12 Pivalic acid 45832 4.8766 27196 29434
13 3-Methylvalericacid 5.0225 52779 3.419 3.6639
14  Isocaproic acid 5.0847 5.3873 3.3944 3.6259
15  2-Ethylbutyric acid  4.9346 5.1281 3.4574 3.7187
16  Valproic acid 6.3488 6.5423 4.4574 4.7187
17 2-Ethylhexanoic acid 6.3488 6.5423 4.4574 4.7187

The analysis is conducted on the same set of carboxylic acids and the correlation coefficients
between each topological index and the specified physicochemical properties are presented in
Table 6. The highest r values for each property are highlighted.

Table 6: Correlation coefficient (1) values of selected topological indices.

BP  logP p  log(1/IGCs) MW a EV FP RI MV

ABS 0.7803 0.9897 -0.8938 0.9570 0.9976 0.9975 0.9862 0.8972 0.9614 0.9977
ABC 0.7864 0.9907 -0.8929 0.9586 0.9970 0.9969 0.9844 0.8938 0.9603 0.9971
SCI 0.7917 0.9916 -0.8478 0.9553 0.9976 0.9978 0.9780 0.9163 0.9547 0.9975
R 0.7899 0.9909 -0.8463 0.9543 0.9973 0.9974 09778 0.9174 0.9544 0.9972

4.3 Discussion

Based on Table 4, listed below are the observations from the linear regression analysis of the
selected physicochemical properties of carboxylic acids using &, -,,

1. Thebound &, ,, demonstrates excellent predictive capability for most physicochemical prop-
erties, especially molecular weight, polarizability, molar volume and log P, all showing near-
perfect fits (r = 0.99). These properties, along with enthalpy of vaporization and toxicity,
exhibit low standard errors and high F'—statistic, indicating robust model performance.

2. FP (r = 0.8999) and RI (r = 0.9568) show good, albeit slightly lower, correlations compared
to the highly correlated properties.
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3. The linear model appears less reliable for boiling point (r = 0.7808) and density
(r = 0.8792), where the proportion of explained variance is comparatively lower.

4. Nevertheless, all models show statistical significance (pr < 0.05), supporting the validity of
the observed associations.

Based on the comparison of various topological indices for the selected carboxylic acid struc-
tures in Table 6, the following observations can be made;

1. The ABS index demonstrates consistently strong performance across most physicochemical
properties, particularly for density, molecular weight, enthalpy of vaporization, refractive
index and molar volume.

2. The SC1I index performs slightly better for log P, polarizability, molecular weight and boiling
point, while the ABC index shows marginally higher correlation for toxicity. The R index
leads slightly in predicting flash point.

3. Opverall, the differences in correlation values among the indices are minimal, suggesting that
all four topological descriptors possess comparable predictive capabilities.

5 Conclusions

In this paper, we established a new lower bound for the atom-bond sum-connectivity (AB.S)
index of trees, formulated in terms of the total domination number and graph order. Addition-
ally, we characterized the extremal trees that attain this bound, offering structural insights into the
configurations that optimize this topological index under domination constraints. These theoreti-
cal findings deepen our understanding of the interplay between structural graph parameters and
topological descriptors. While rooted in mathematical theory, the results hold practical relevance
across domains where tree-like structures naturally arise. The applications proposed in this study
span a range of fields, including chemical graph theory [4], network design (e.g., edge networks
[29] and logical networks [26]), graph neural networks [30], physics-informed neural networks
[15], structural analysis of computer networks [17] and emerging areas within deep learning [27].
By bridging discrete mathematics with practical applications, this work underscores the relevance
of topological indices in both theoretical and applied contexts.
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